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A formula is given for the doubly differential cross section of electron-electron bremsstrahlung
which is exact in lowest-order perturbation theory. Angular distributions and energy spectra of the
emitted photon are calculated in the center-of-mass system and the laboratory system. The cross
section for pair production in the field of an electron (triplet production) can be derived from the
analogous bremsstrahlung formula using the substitution rule. Angular distributions and energy
spectra of the produced positron as well as the total cross section for triplet production are com-
puted in the laboratory system. The results for bremsstrahlung and pair production are compared
with previous theoretical calculations.

1. Introduction

The fully differential cross sections for pair pro-
duction and bremsstrahlung in the field of unpolar-

laboratory system. The cross sections differential
with respect to the photon energy can easily be
computed by a single numerical integration. The
results are used to determine the accuracy of the

ized electrons were first calculated by Votrubal
and Hodes 2, respectively, in lowest-order perturba-
tion theory. Compared to the familiar Bethe-Heitler
formulae® for the corresponding processes in the
Coulomb field of a nucleus, these expressions are
extremely complicated due to recoil and exchange
effects 4. Therefore the common practice was to use
approximations, either by considering the nonrela-
tivistic» 6 and the high-energy ¥~ limits or by
neglecting some of the eight Feynman diagrams
contributing to the processes 1% 1. In the first case
the cross sections for the intermediate region of
energies had to be evaluated by interpolation, in the
second case the importance of the missing terms
was not well understood except for very high ener-
gies. In the last few years there were also efforts to
use the exact formula for pair production with the
aid of computers >4, However, the numerical in-
tegrations of the differential cross section are quite
cumbersome and expensive. Furthermore the errors
are relatively large and the accuracy becomes poor
at high energies.

In this paper a manageable formula for the cross
section of bremsstrahlung in the field of an electron
is given. It was obtained by integrating analytically
the fully differential cross section over the angles of
the outgoing electrons, without any approximations. 3
Since the formula is expressed as a function of in-
variant products, it can be specialized to any frame
of reference, e.g. the center-of-mass system or the g

various approximations.

The differential cross section for pair production
can be derived from the corresponding bremsstrah-
lung formula by applying the well-known substitu-
tion law %15, By performing two numerical inte-
grations, the total cross section has been computed
with high accuracy. It is compared with the results
of previous papers.

Screening and atomic binding of the electrons is
not taken into account throughout this paper.

2. Bremsstrahlung Cross Section

In the elementary process of electron-electron
bremsstrahlung (Fig. 1) two electrons with the four-
momenta P; = (&,P,;) and P,= (&,P,) are col-
liding under the emission of a photon with the four-
momentum K= (£, K) 6. The outgoing electrons
have the four-momenta p,"= (¢, p,") and P, =
(¢5', P5’) . The differential cross section for unpolar-
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Fig. 1. Elementary process of electron-electron brems-
strahlung.
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ized particles is given by *

do e arg? 6@ (p;+P.—py —P; —K)
a? V(pip2)®—-1
&*p, &®py” d%k
g1 2t T %
& & k

(2.1)

where a ~ 147, rg=€*/mc?, and 4 is a function of
invariant products between the four-momenta of the

particles. By squaring the conservation law
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here. A comparison of the resulting cross sections
with those computed by Mack and Mitter 18 yielded
excellent agreement so that the correctness of the
function 4 is guaranteed. The integration of (2.1)
over d%p,’ is easily performed using

0 (py+pP.—py —p - k) .
With the aid of the relations

d®p," =p,"2dp," dQ,, (2.4)

P:+P:=py +P:, +k (2.2) =& p, de, dQ,;, Bk =k2dk dQy
the relation and
(p1P2) = (p1' p2) + (kpy) + (kpy) (2.3) O(ey+eg—e —e' —k) dey
can be derived. With the Eqs. (2.2) and (2.3) only = & P1” =5D
r_ 73 7 7 7 (25)
5 of the 10 possible invariant products are inde- lea py2 — & (py P2 w
pendent. where
The complicated function 4 was obtained by 5 5
using the traces evaluated by Anders !7. Because the & =V(Pi+P—py —k)*+1 (26)
expression for A4 is very lengthy, it is not given and
W=VI(ps p) +112 + [Py (P1+P2—k)1*[p)2 = (e + 82— ), (2.7)
the fully differential cross section becomes
d%o _ary kp,"® A
dkdQ,dQ,s a2 e

V(P1 p2)i—1 _ff '

The momentum p,"=|p,’| of the outgoing electron as expressed by the vectors P, P, and K has the form

’_ [(p ' p) +11p,  (P1+P—K) [py £ (s + 6, —K)W

P1

The choice of the signs in the numerator depends
on the frame of reference considered. The product

(py ps) occurring in (2.7) and (2.9) can be sub-
stituted by means of Equation (2.3).

It is easy to be seen that the function W takes a
very simple shape if one specializes to the center-
of-mass system S’ of the outgoing electrons, where

P +Py =pi+p.— k=0, (2.10)
& =& =3(e;+6—k), (Pl’P2)=2812—1-
Then

Wy=2¢"p/ (2.11)
and the cross section is given by
( d3o ) _arg® kp, A4
dkdQ,dQ, Js¢ 2a% &' V(pip)?2-1"~
(2.12)

This equation is the most convenient starting point
for the integration over the solid angle £, since

(s +&—k)2— [Py (P1+P2—K)]1?/p, 2

(2.9)

only the function 4 is dependent on the angles of
the final electrons, and this expression can be inte-
grated exactly. As the momenta p;, P, and k form
a triangle in the system S’ [cf. Eq. (2.10)], the
orientation of the vectors p,” and p,’ = —p, is
quite arbitrary. So the full solid angle 2, =42
is possible kinematically, i.e., the limits of inte-
gration are independent of Py, P,, and K. After
having carried out the integrations, the result has
to be divided by 2 since any final state of the iden-
tical particles occurs twice.

The laborious but elementary integration yields
a cross section which again can be expressed in
covariant form, namely by the 3 invariant products

(p1p2), (kpy) and (kp,). Hence it is valid in any
frame of reference.

Using the notations

w?= (P;+P:2)? =2[(pyp2) +1] (2.13)
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and

= (P +P:)2 =2[(p, p) +1]
=2[(pyp2) — (kpy) — (kpy) +11] (2.14)
the bremsstrahlung cross section differential with
respect to the photon energy and photon angles can
be written as
d?o
o (k, 0) = m
2 e
= 20 —k—l/ o=4 1 r4a0,.

n wo ) wi-4 =n

(2.15)

The expression for 1/n [A4dQ,’ is given in the
Appendix. It is not possible to integrate d?c/dk dQ2;,
over the photon angles analytically. However, the
numerical computation of the cross section

do do |
~dk ) dk ko,‘m"

is quite easy in the center-of-mass system and in the
laboratory system where one of the electrons is
initially at rest: Because of the rotational symmetry
around the momentum vector P; the cross section
0 (k,0) is not dependent on the azimuthal angle; so
the solid angle of the outgoing photon is simply
given by

o(k) (2.16)

dQ;=27sin0 do (2.17)

and one has to perform only one single integration
over the angle 0 between p, and k.

In the general case of arbitrary directions of the
momenta P, and P, the computation of (k) needs
two integrations.

3. Coulomb Correction

The cross-section formulae derived in the preced-
ing section are exact within lowest-order perturba-
tion theory. Whereas radiative corrections are as-
sumed to be small, the Coulomb correction may be
important for low energies. Correct results can be
" expected only if the conditions

a,=aff1; <1, ay=0/f;,<1 (3.1)
are satisfied, where
_V(p1pe)®~1 _ wVw?—4 3.2
Pa (P1p2) w?—2 -
and
B = V(p ps)2-1 _ eVe®—4 (3.3)

(Pl' le) -2
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are the relative velocities of the initial and final
electrons, respectively, in units of the speed of light,
c. For the bremsstrahlung process in the field of a
nucleus, the cross section in Born approximation
can be corrected by a simple factor derived by El-
wert1® for nonrelativistic energies. This factor
which is given by the ratio of probabilities for
finding the final and initial electron, respectively,
at the position of the nucleus, has been shown 2 to
yield correct results in the full energy region for
nuclei with low atomic numbers Z. In case of elec-
tron-electron bremsstrahlung a corresponding cor-
rection factor can be found by calculating the ratio
of probabilities of finding the two initial and final
electrons, respectively, at the same position. It has
the form !

a, e2na‘_l
a, e2na,__1 =

Fee = (3-4‘)
In contrast to the electron-nucleus case, this factor
is always less than unity, as a consequence of the
Coulomb repulsion between the electrons. That is,
the true cross section is always lower than the
one given by the formulae of Section 2. Due to
the small factor @ ~1}7 in the quantities @, and a5,
however, F¢, is approximately unity, especially for
higher energies. An important exception is the short-
wavelength limit given by 0— 2. Then ay—> oo
and F.,— 0. As can be seen from Egs. (2.15) and
(A1), o(k,0) tends to zero for p— 2. This behav-
iour is still intensified by the Coulomb correction.
Thus the true cross section at the high-frequency
limit is equal to zero whereas the short-wavelength
cross section of the electron-nucleus bremsstrahlung
becomes finite by applying the Elwert factor, as is
well known.

Generally, the factor (3.4) is dependent on the
momenta P;, P, and K, i.e., it is different for
various photon angles. In the center-of-mass system,
however, 02 =4 ¢ (¢, — k) so that F¢, is constant for
a given photon energy k.

In the following sections the Coulomb factor is
not taken into account because its effect is not
significant at the energies considered.

4. Differential Cross Sections
for Electron-Electron Bremsstrahlung: Results

The formula (A1) can easily be programmed for
the computation of the doubly differential cross
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section o (k,0). One should, however, pay attention
to the fact that a high accuracy is needed in order
to prevent round-off errors. The real variables of
the CDC-3300 computer used have 11 decimal dig-
its which frequently were not sufficient, especially
in calculating cross sections for low photon energies
k and small photon angles 0. In these cases num-
bers with double precision had to be employed.
Otherwise the computation of ¢(k,0) is straight-
forward.

4.1. Center-of-Mass System
The center-of-mass system (cms) is defined by
Pi+P:=p, +p/+k=0.  (411)
With that the invariants w? and o? reduce to
0®=4¢(e—Fk), (4.1.2)

i.e., they are independent of angles. Because of the
symmetry of Eq. (A1) with respect to the products

w?=4¢2

E, = E;= 300 keV
6 hv =100 keV
4 4
2+
0 1 - 1 n 1 1
0° 30° 60° 90° 120° 150° @ 180°

hv = 450 keV

0% 30° 50° 30° 1200 150° o 180°
hv =10 keV
10 E
0.5f E
0 " 1 1 1 1 1 "
0° 30° 60° 90° 120° 150° @  180°

Fig. 2. Cross section o (k,0) of electron-electron brems-

strahlung in the cms for the kinetic electron energies E;=
E, =300 keV and various photon energies h ».
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x; = (kp)=k(e; —pycos0),

2y = (k ps) =k (& + py cos 0) (4.1.3)

where 0 is the photon angle relative to Py, the
photon distributions in the cms are symmetric to
0 =n/2, and all angles 6 are allowed kinematically.

Figure 2 shows the cross section o(k,0) as a
function of € for the kinetic energy Ej=E,=
(¢4—1)mc®2=300keV of the initial electrons and
for various photon energies hv=mc*k. As ex-
pected most of the photons are emitted near 0 =0
and O=x. This feature is more pronounced at
higher energies (Fig.3) where the width of the
curves at half maximum is 6y~ 1/2¢ . Around
0 =x/2 the cross section has decreased by several
orders of magnitude.

An excellent approximation for the bremsstrah-
lung cross section in the cms at extreme relativistic
energies has been given by Baier, Fadin and Khoze?

T T T T T
E,= E;=50 MeV, hv=2,5 MeV

1 1
50° 70°

0° 10° 20° 30° 40° 60° 80° @ 90°
-2
hv = 25 MeV
% 4
]
® J
)
[} ]
=
v -
g
_11' 1 1 1 1 1 1 n
10°  20° 30° 40°  50° 60° 70° 80°e 90°

-13!

1 1 1 1 L 1 1
0° 10° 20° 30°  40° 50° 60° 70°  80° @ 90°

Fig. 3. Cross section ¢ (k,0) of electron-electron brems-

strahlung in the cms for E;=E;=>50MeV and various

photon energies hv. The broken line labelled ER represents
the extreme relativistic approximation of BFK ?.
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(BFK) who systematically expanded all quantities
in powers of 1/¢,?> and retained only the leading
terms of the expansion. The agreement between the
BFK formula 22 and the results of this paper is bet-
ter than 0.1% for E,=E,=50MeV and the im-
portant photon angles. The only distinct differences
appear very close to the high-frequency limit k=
p;2/¢; at large angles O (Figure 3). This is not sig-
nificant because the cross section is very low there.

4.2. Laboratory System

In the laboratory system one of the initial elec-
trons is at rest. For p,=0 the quantities w®> and
0? have the form

=2[e;+1—k(ey+1—pycos0)].
(4.2.1)

w>=2(g +1), 02

The maximum photon enefgy occurs for p?>=4 and
is given by

& hv =10 keV E, = 300 keV

o
T
)

&~
T
1

60°

"
90°

hv =100 keV

80°

1
30°

hv = 150 keV

6(k.0),16° b/keV sr

1 1

10°

TS, U ol -
10° 20° 30° 40° 50° 60°Q 0° 20° @ 30°
Fig. 4. Cross section o (k,0) of electron-electron brems-
strahlung in the laboratory system for the kinetic electron

energy E; = 300 keV and various photon energies h».
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kmax(slae) = (51—1)/(51+1_P1 COSO) ® (4‘22)

The absolute maximum of % is in forward direction

0=0:

kmax (&) = (6, =1) /(e —p1 +1) (4.2.3)
A photon with (g, —1)/(&; +p1+1) <k < kmax (&)
can be emitted only into a cone with the half apex
angle 0, given by

cosOy=[(e;+1)k— (e,—1)1/kp,. (4.2.4)

As [k increases, the allowed angular region is more
and more limited as can be seen in Figure 4.

For extreme relativistic energies the electron-
electron bremsstrahlung is emitted essentially into
a narrow cone in forward direction (Figure 5). The
angle of half maximum is about 1/2¢;, the same
value as in the electron-nucleus case. The formula
derived by Baier, Fadin and Khoze® for high-
energy electrons is a good approximation for small
angles 6 and sufficiently far away from the short-

0
hv =10 MeV E, =200 MeV
(ER ]
Il 1 1 1 -
8° 10° 12° 14° 16°g 18°
50 hv = 100 MeV i
E -3
3 -4 1
35 .
x o -4
B T
ke — ER ]
-8 \\\\.
-9 ?
-
3@ ) 4°

06°  0.8%g 10°

0.2°

0.4°

Fig. 5. Cross section o (k,6) of electron-electron brems-

strahlung in the laboratory system for E; = 200 MeV and

various photon energies hv. The broken lines labelled ER
show the extreme relativistic approximation of BFK 8,
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wavelength limit, where ¢ —k=0(1). Near the
limiting angle O, the results are the poorer the
higher the photon energy is (Figure 5). There are
two reasons why this approximation formula does
not compare as favourably with the exact results as
in case of the cms: (1) The reciprocal expansion
parameter (p; ps) is equal to & in the lab system,
but it is proportional to the square of & in the cms.
(2) Whereas the expression ? in the cms is valid for
the whole bremsstrahlung spectrum, the cross sec-
tion of Ref.® was obtained under the assumption
that &; — k> 1. A formula corresponding to the one
in the cms is not available in the lab system.

Since the momentum transfer to the recoiling
electron is very low at the important angles 0 < 1/¢;,
the nuclear cross section for unit charge may also
be applied to the electron-electron process with
satisfactory accuracy 4.

5.1. The Photon Spectrum in the Center-of-Mass
System
The photon spectra are calculated by numerical
integration of the angular distributions ¢(%,0) in
the cms.
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cross section for electron-electron bremsstrahlung
in nonrelativistic approximation which can be writ-
ten as

dONR _ i ar02

F (p—l;—) (5.1.1)

Ak 15 k
where
322
F(z) = [17— ————-(2_x)2] V1l-2z- (5.1.2)
12(2—2)4—72%(2—2)2-32% . 1+Vl-=x
+ (2-—-11})3 In V; .

This expression agrees quite well with the exact
cross section for kinetic electron energies below
E;=FE, =~ 10keV; then the error is of the order of
a few percent. In the region of intermediate ener-
gies, however, Eq. (5.1.1) may be used only as a
rough estimate of the true values, as is seen in Fig-
ure 6. If & —1 <1 is no more valid, the argument
of the function F has to be replaced by k/kpax
=& k/p.? in order that doyg/dk may vanish at the
short-wavelength limit.

Fedyushin ® and Garibyan® 23 have derived the

1 . . :
E, = E,= 100 keV 1

121\ b

L\ J

\\

8 N~ 1

L \\\ 4

i

of = 1
N P A S U ST S S T S e

0 50 100 150

\ spees . > ’ hv, keV
20 4
\ E, = E,= 300 keV
15 1
N\
\\

10 \\ M -

g NR~ L

- \\\\ ~ E

S \\
\\\\\
% 100 200 300 %00 500
hv, keV

Fig. 6. Electron-electron bremsstrahlung in the cms: photon

spectra for the kinetic electron energies E;,=E,=100 keV

and 300 keV. The broken lines labelled NR and ER show

the nonrelativistic and extreme relativistic approximations,
respectively.

1 1 1 i 1 1 1
0O 200 400 600 800 1000 1200 1400
hv, keV
601
| El= E, =10 MeV |
40+ &
o L "
3
- 20F .
X
© - .
e
0 1 L i 1 1
0 2 4 6 8 10 hv, MeV
0 1 1 1 1 Al
0 10 20 30 40 50 hv, MeV

Fig. 7. Electron-electron bremsstrahlung in the cms: photon

spectra for E;=E,=1MeV, 10 MeV, and 50 MeV. The

broken line labelled ER shows the extreme relativistic ap-
proximation of BFK 9,
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For the high-energy region Baier, Fadin and
Khoze ? have given a formula2* which is valid for
all photon energies including the hard end of the
spectrum. As the corresponding expression for the
differential cross section o(k,0) this is also an ex-
cellent approximation. In Fig. 7 is shown that the
BFK formula is in good agreement with the exact
one down to £, =1MeV. For E, =5 MeV the error
is less than 0.3% throughout and even for E;=
300keV the BFK approximation is better than the
nonrelativistic one (Figure 6). At very high energies
there is a sharp drop of the cross section near the
short-wavelength limit (Figure 7). This behaviour
is also described precisely by the BFK formula, in
contrast to the usual relativistic expression ®

dog  8ary [i k_z]
dk # 3 feg=) &
4,2 1
[111 " (e B) - 2]. (5.1.3)

As long as the photon energy is not very close to
its maximum kpy.x = p;%/¢;, Eq. (5.1.3) is a good
approximation for the cross section of electron-
electron as well as of electron-positron 23 brems-
strahlung in the extreme relativistic case.

5.2. The Photon Spectrum in the Laboratory System

Figure 8 shows in a logarithmic scale the nor-
malized cross section

1 do
D (e, k) = poy (5.2.1)
as a function of the photon energy k for various
kinetic electron energies E,. Contrary to the elec-

tron-nucleus case these curves are not intersecting at
low photon energies. This is due to the fact that the
cross section for the electron-electron quadrupole
radiation is small compared to the dipole emission
of the electron-nucleus system. Sufficiently far away
from the short-wavelength limit the curves are
nearly straight lines in the logarithmic representa-
tion; the slope is about — 1.1 to —1.2.

For the low-energy region a general formula can
be derived from Eq. (5.1.1) taking into account that
oxr(k) has to be dependent on |p;—pP,|. The
argument of F in (5.1.1) is equal to k/kpax . If the
momenta P, and P, of the initial electrons are ar-
bitrary, the highest possible photon energy is 26

(p1po) -1
&+ & — Py +Pal

knax (D1, P2) = (5.2.2)

log ole, k)
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In the nonrelativistic limit this expression reduces
t0 Epax (P1> P2) =~ (P —Ps) 2 It is a function of
|p;—p.|; therefore in any frame of reference the
nonrelativistic cross section can be written as

dO’_\'R _ 4 arg,

4k
=_— 2.3
dt 15 k& ( [m—m]“’) A
where F(z) is given by (5.1.2). In the cms, this is
equivalent to Eq. (5.1.1), and in the laboratory
dONR _i ar02

system
4k
(o) 5 (5):

Except for the neighborhood of the short-wave-
length limit this formula describes quite well the
photon spectrum for electron energies below E,;
=~ 20keV.

For intermediate energies above E; =~ 100keV
Eq. (5.2.4) becomes more and more unsuitable
(Figure 9). It may be improved a bit by replacing

2

(5.2.4)

4k
3
2}
' -
o}
50 keV 100 keV
=3 =2 -1 500 k
- 10 10 10 k |1
1 10 100 hv, keV 1000

Fig. 8. Normalized cross section of electron-electron brems-

strahlung in the laboratory system as a function of the pho-

ton energy. The parameter is the kinetic energy of the in-
cident electron, E, .
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T T T - T =T

E, =100 keV

0 200 400 600 | ey 80

Fig. 9. Electron-electron bremsstrahlung in the laboratory

system: photon spectra for the kinetic electron energies E;

=100 keV, 500 keV, and 1000 keV compared to the cross

section in nonrelativistic approximation (NR) and of elec-
tron-proton bremsstrahlung (ep).

the argument of F by the exact value k/ky, =
(8y—p1+1)k/(e,—1). However, this form yields
worse results at low energies.

In the high-energy region the exact cross section
may be compared with the formula of Baier, Fadin
and Khoze 8. As Fig. 10 shows, this approximation
is not as good as the one in the cms. Even for elec-
tron energies E; which are hundred times the rest
energy, the errors exceed 5% nearly in the whole
spectrum. Only at E;=1000 MeV the agreement is
better than 1% apart from the vicinity of the high-
frequency limit.

6. Cross Section for Pair Production

According to the substitution law %15, the cross
section for pair production in the field of an elec-
tron (“triplet production”) can be derived from the
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16 v T T T
\\ E, = 5MeV
12 \\ -
N
\\
8r \\ 4
~ER
~
g \\\ o
\ oS
0 \T 1 1 v | 1
0 1 2 3 4
%r \\ hv,MeV <
3 E, =50 MeV
£ R
= ol \\ .
8c S
=
= —
8r ~ER E
-
\\
4k J
\
\ \
0 1 1 1 1
0 20 30 40 50
r hv,MeV 1
20} E, =1000 MeV
15
10F
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0 1 1 ! 1 1 1 1 1 1
0 200 400 600

800 1000
hv, MeV

Fig. 10. Electron-electron bremsstrahlung in the laboratory

system: photon spectra for E; =5 MeV, 50 MeV, and 1000

MeV. The broken lines labelled ER show the extreme rela-
tivistic approximation of BFK 8,

cross section for electron-electron bremsstrahlung.
It requires a substitution for the four-momenta p,,
Ps, Pys and P, of the initial and final electrons by
the four-momenta p, p’, —P ., and p” of the initial
and final electron and of the produced pair. The
previously outgoing photon —K now becomes an
incident photon K. Taking into account that the
flux density of the incoming particles is proportional
to (pk)/ek, the cross section (2.1) takes the form

ary W (p+k-p’ -p”’-p.)
a (pk)
3 ’ 3 ” 3
- gy 2P 20 S,

& &

do =

(6.1)

S

where the function A; is connected with the corre-
sponding expression 4 of the bremsstrahlung proc-
ess by the above substitutions. Proceeding as in
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Sect. 2, one obtains the fully differential cross sec-
tion for unpolarized particles

1107

Here, p. = (¢,,p.,) is the four-momentum of the
produced positron, d2p, and d@, are the solid

d%o ar? p2p, A, angles into which the outgoing positron and one of
de, dQ,; dQy R (pk) Wy~ (6:2)  the electrons emerge,
=VI@E'p)+11* +[p" P +k-p.)]1*p? — (e +k—¢,)? (6.3)
and
YA ’, - ’ _
L) 11D (prk—p )]/ (e k) W 6

(e+k—e)2—[p (P+k—p.)]*/p?

’ Il) is

Corresponding to Eq. (2.3) the product (p
given by

(®'p")=(k)—(p. k) — (pp.). (6.5)

Again the function W, takes the most simple form
in the center-of-mass system S of the two out-
going electrons, where

P+p =p+k-p,.=0. (6.6)
Then
Ws” = E’ p’ (67)
and
d’o — ar02 p’P+ Ay
(d£+ dQ,, de')s” T 2a2 ¢ (pk) (6.8)

This equation can be integrated exactly over the
angles of the outgoing electron analogous to the case
of electron-electron bremsstrahlung. The result is
the cross section differential with respect to the
energy and angles of the positron, valid in any
frame of reference:

d%s P+ VQt -4 1

_argd

de, dQ,, 22 (pk) o o LAl 164)

Here

- (pl+,pll)2=2 [(p/p//) +1]

=2[(pk) - (p. k) - (pp+) +1]1. (6.10)
The integral 1/n [A4,dQ, is given by Eq. (Al)
with the substitutions ¢ — gy, w— wy, z,— — (p k),
and z,— (p, k), where

w?=(p-p.)*=-2[(pp.,) -1]. (6.11)

It is a function of the three invariants (p k), (p.k),
and (pp.). The positron spectrum do/de,, the
angular distribution do/df,, and the total cross

k2—1—kcosO, Vk*cos?0, —4k <
(k+1)2

—k2cos20, =1

section o, can be calculated easily by numerical inte-
grations of Equation (6.9).

It is obvious that the cross section for pair pro-
duction in the field of a positron, differential with
respect to the energy and angles of the produced
electron, is identical to (6.9). On the other hand, the
doubly differential cross section d%s/d¢’ d@2, cannot
be obtained from the formula (6.9) simply by sub-
stitutions.

7. Doubly Differential Cross Section
for Pair Production in the Laboratory System

Motivated by experimental investigations 27 28 of
the triplet process, Jarp and Mork 14 have calculated
various cross sections in the laboratory system by
numerical integrations. Some of their results can
easily be reproduced with higher accuracy using the
Eqgs. (6.9) and (Al). In the laboratory system the
initial electron is at rest, i.e. P=0, €=1, and
(p k) =k. Then the doubly differential cross section
has the form

d2o
e 0 ) =g o)

—arzp+ VQt -4 1 fAtd.Q (7.1)
k Ot
where
=2[k+1—¢, —k(e, —p,cosB,)]. (7.2)

0, is the angle between the momenta k and p, of
the incoming photon and the produced positron,
respectively. For a fixed value of 0, the limits of
the variable &, are determined by g = 4. From
Eq. (7.2) it follows in the lab system

< k2 —1+kcosO, Vk2cos20, —4k

== (k+1)2—k2cos?0, el
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The square root in Eq. (7.3) has to be real. This
condition gives the limits of cos 0, :

2/VE < cosf, < 1. (7.4)

Since the threshold of the triplet process in the
laboratory system is k=4, the quantity 2/Vk is
never greater than unity. Figure 11 shows
d%0/de, d(cos0,) for k=5.12, i.e. the photon
energy hv=2.616 MeV, as a function of the posi-
tron energy ¢, for various angles 0. These curves
are in accordance with those in Fig. 7 of Jarp and
Mork 4. The cross section is maximum at 6, =0
and decreases rapidly as the angle 0, increases. It
vanishes at the limits of ¢, corresponding to ¢;®> = 4.

4
k=512
cos8, = 093
3t 4
wo2r 1
2
o
Tt _
Aseﬁ 0.895
0 s e
0.6
04F J
Lo - -
[S
ao
&_}0.2 F 4
©
0y 2 3 €

Fig. 11. Cross section o (¢4,60,) of triplet production in
the laboratory system for the photon energy k=5.12 and
various angles 0 ;.

8. Positron Energy Spectra and Angular
Distributions in the Laboratory System

The positron spectra do/de, are obtained by
numerical integration of the cross Sect. (7.1) over
cos0,. For constant positron energy ¢, the maxi-
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mum angle 0, is determined by

|
—e, =1+
p. L7

The limits of &, are given by Eq. (7.3) setting
cos O, =1.

The positron spectra for the photon energies
k=4.4,5.12, 7.0, and 10.0 are plotted in Figure 12.
They agree well with the corresponding curves of
Jarp and Mork !* confirming that the accuracy of
their results is better than *5%. Experimental
values 8 are available only for k=5.12. Although
the statistics are very poor (50 triplet events all
together), the agreement between experimental and
theoretical spectra is relatively good. For very high
photon energies the shape of the positron spectra
becomes nearly rectangular with two flat maxima,
as is shown in Fig. 13 for k=100.

E*kﬂ—} <cos0,<1. (81)

1 2 3 4 5 6 7 8 g 9

Fig. 12. Triplet production in the laboratory system: posi-
tron energy spectra for various photon energies k.

The numerical integration of the cross Sect. (7.1)
over ¢, yields the angular distribution do/d(cosf.,)
of the positrons. In Fig. 14 the results are shown in
semilogarithmic plots as a function of cos0, for

the photon energies k =4.4, 5.12, 7.0, and 10.0. As
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the photon energy increases, the positrons are emit-
ted predominantly into a more and more narrow
cone in forward direction though the range allowed
for the angle 0, [cf. Eq. (7.4)] expands. Figure 14
again verifies the results of Jarp and Mork 4. More-
over, the angular distribution for £ = 5.12 compares
favourably with the experimental curve obtained by
Augerat et al. 28,

0 L L I 1

0 20 4 6 8 10 €,

Fig. 13. Triplet production in the laboratory system: posi-
tron spectrum for the photon energy £=100.

103 b

1 1

.6 A 8

1
S cos@, 10

Fig. 14. Angular distributions of the positrons in triplet

production by photons of energies k=4.4, 5.12, 7.0, and 10.

The lower bounds of cos@, are given by marks on the
abscissae.
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9. Total Cross Section for Pair Production

The total cross section oy for triplet production
has been calculated by several authors % 7> 10, 11, 29, 30
using various approximations. Kopylov et al.!? and
Mork 12 applied the Monte Carlo method to integrate
the differential cross section exact to lowest-order
perturbation theory. However, as the photon energy
increases, the accuracy of their numerical integra-
tions becomes poor in consequence of the strong
peaking effect. With the aid of the formulae (6.9)
and (Al), the total cross section can easily be com-
puted by two numerical integrations. If o(¢,,0.)
is first integrated over the angle 0., the strong
beaming of the positrons near forward direction is
insignificant because, according to Eq. (8.1), the
range of allowed angles 0, becomes very small at
high energies k£ and ¢,. So the errors of the nu-
merical integrations are negligible everywhere.

Since oy is a relativistic invariant, it is a function
of the product (pk) which in the laboratory system
reduces to the photon energy k. The threshold is at
(pk) =4. In Table 1 the total cross section o is
given as a function of photon lab energy k for
4 <k £ 5000, compared with previous calculations
(the various formulae that are available for the to-
tal triplet cross section are given by Motz et al.3!).

It is seen that Votruba’s threshold approxima-
tion !

V3n

V=975 ar?(k—4)2

(9.1)
is valid only very close to k=4 as was pointed out
by Kopylov et al.1? and by Mork 13. So it is of little
practical use. At photon energies up to k=16 there
is good agreement with the results of Mork 13, oy,
the differences being less than 1.2%.

Borsellino 1 and Ghizzetti!! have derived an
analytic expression for the total cross section ne-
glecting the Feynman diagrams which describe ex-
change and the interaction of the initial electron
with the incident photon (“y—e interaction”).
Since the neglected terms have both positive and
negative signs 13, they partially cancel out. More-
over, their contributions relative to the Borsellino
cross section are decreasing with increasing photon
energy (they are of order 1/k relative to the leading
term ). So it is to be expected that the Borsellino
formula is valid in the high-energy limit. In fact,
this was confirmed by the calculations of Mork 13
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whose results were equal to the Borsellino values op
at k=16. A comparison with the present cross sec-
tions shows, however, that the error of o does not
decrease continuously above k& =16. Whereas op is
much too high near threshold, it is correct at
k ~18. Then, for 35 < k <80, it becomes too

1111

low by about 1%. Thus the conclusion by Joseph
and Rohrlich 4 that in the high-energy limit Borsel-
lino’s result represents an upper bound to the total
cross section, is not quite correct. Nevertheless op
is a good approximation to 5; for k>15 with errors
less than 1.2%.

Appendix

The integration of the fully differential cross section over the angles of the outgoing electrons results in

the formula
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Here
= (P1+P2)*=2[(p;p:) +1], 0*= (P +P:) =2[(py py) +11,
-
2= (kp), 2= (kpy), z= (kpy) + (kps) = %,
2
Ri=0®—4+4z,+4 912 , Ry=0?—4422,=u?—4 —2z,, (A2)

L= In {4—92;— [R2+ VYQ2—“1')F1]}5 L1= 11’1
L,=In {1+ 4—2«[(0- 4)z, +2y§2_—4W2]},

B o (wl/g —4+0Vur—4)2
3=

4(w2 2) s L4=1n{1+

The correctness of the expression (Al) has been

checked in three different ways:

(1) All terms of (A1), i.e., also those which are
obtained by exchanging x; for z,, have been
calculated separately. Thus all the errors vio-
lating symmetry could be discovered easily.

(2) The cross sections computed with the aid of
(A1) in the cms and in the laboratory system
were compared with the results obtained by
numerical integration of d%s/dk dQ;dQ, over
Q.

(3) In the cms the cross section d%s/dkdQ; dQ,,
can be integrated exactly over the azimuthal
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